I. INTRODUCTION
The theoretical foundation that no local and realistic theory can be compatible with all predictions of quantum mechanics was first laid down by Bell ͓1͔ through the violation of Bell inequalities. Since then, violation of Bell inequalities has become an effective method to detect entanglement. The ability to characterize entanglement based on the Bell inequality provides an important tool in quantum information theory.
For three qubits, there are several important recent developments in characterizing entanglement based on Bell inequalities. In the 1990s, a Bell inequality for three qubits was first developed by Mermin-Ardehali-Belinskii-Klyshko ͑MABK͒ ͓2-4͔. The inequality is a three-qubit MABK inequality, which reads 1 2 ͓Q͑A 1 B 1 C 2 ͒ + Q͑A 1 B 2 C 1 ͒ + Q͑A 2 B 1 C 1 ͒− Q͑A 2 B 2 C 2 ͔͒ Յ 1,
͑1͒
where Q͑A i B j C k ͒ ͑i , j , k =1,2͒ are correlation functions between three observers, which are defined as Q͑A i B j C k ͒ = ͗A i B j C k ͘, with observables A i , B j , and C k . Soon after, Scarani and Gisin ͓5͔ noticed that there exist pure states of three qubits that do not violate the inequality. These states are the generalized Greenberger-Horne-Zeilinger ͑GHZ͒ ͓6͔ states given by ͉͘ GHZ = cos ͉000͘ + sin ͉111͘, ͑2͒
with 0 Յ Յ / 4. The GHZ state ͓6͔ is for = / 4. In Ref. 
The Bell inequality given in Ref. ͓11͔ reads
Both the inequalities ͑3͒ and ͑4͒ are violated by the generalized GHZ state ͑2͒ for the whole region. Moreover, it was also numerically tested that the inequalities are violated by any pure entangled state of three qubits. Indeed, Bell inequalities are sensitive to the presence of noise and above a certain amount of noise the Bell inequalities cease to be violated by a quantum system ͓12͔. In presence of noise, the quantum state is a mixed state defined by = V͉͉͗͘ + ͑1−V͒ noise , where V is called visibility and noise = 1 8 for three qubits. To include the effect of noise, one * phyohch@nus.edu.sg has to modify the correlation slightly to account for imperfections, which are characterized by the visibility V. The correlation functions are described by
Consequently, there exists a critical value of visibility ͑threshold visibility͒ above which quantum mechanics will violate Bell inequalities. For the three-qubit MABK inequality which is maximally violated by the GHZ state, the threshold visibility V of the GHZ state is 0.5. Resistance to noise can then be measured through the threshold visibility. For a given entangled state, a lower threshold visibility means that the state can tolerate a greater amount of noise. However, it seems that the Bell inequalities ͑BIs͒ ͑3͒ and ͑4͒ ͓i.e., BI ͑3͒ and BI ͑4͔͒ are not resistant enough to noise. For the threequbit GHZ state, the threshold visibility V GHZ BI͑3͒ =4 ͱ 3 / 9 = 0.7698 and V GHZ BI͑4͒ = 0.6813. The inequality ͑4͒ is an improved version compared with the inequality ͑3͒ in terms of noise tolerance.
In this paper, we present a Bell inequality for three qubits which can be derived in terms of correlation functions. We show that this inequality is violated by quantum mechanics for any pure state of three qubits. Moreover, the threshold visibility for the GHZ state is lower than those predicted in Refs. ͓10,11͔. Thus the inequality is more resistant to noise than those known in the literature. Our present results will be useful in the study of quantum information, in particular quantum cryptography.
II. BELL INEQUALITY INVOLVING CORRELATION FUNCTIONS FOR THREE QUBITS
Consider three observers, Alice, Bob, and Charlie, and allow each of them to choose between two dichotomic observables. Each observer can choose independently two arbitrary directions n 1 and n 2 . The assumption of local realism implies the existence of two numbers X͑n 1 ͒ and X͑n 2 ͒ ͑with X = A , B , C͒, each taking values +1 and −1, which describe the predetermined result of a measurement by the corresponding observer on the observable defined by n 1 and n 2 . In a specific run of the experiment the correlations between all three observers can be represented by the product A͑n i ͒B͑n j ͒C͑n k ͒, where i , j , k =1,2. For convenience, we write A͑n i ͒B͑n j ͒C͑n k ͒ as A i B j C k . The correlation function, in the case of a local realistic theory, is then the average over many runs of the experiment:
Similarly, the correlation functions between any two observers can be given
and the results for the case that only one of the observers performs a measurement on his particle and the other two do nothing on their particles are
The following inequality holds for the predetermined results:
The above inequality ͑8͒ is symmetric under the permutations of A j , B j , and C j . The proof consists of enumerating all possible values of A i , B j , and C k ͑i , j , k =1,2͒. This is easily done by fixing the values of A 1 , B 1 , and C 1 first. By fixing the values of A 1 , B 1 , and C 1 , inequality ͑8͒ is shown to be always satisfied under a local realistic description in the following. ͑i͒ For the case that A 1 , B 1 , and C 1 take on positive unity, inequality ͑8͒ becomes
If C 2 = 1, we have ͑A 2 −1͒͑B 2 −1͒ −4Յ 0 from inequality ͑9͒. Because A 2 and B 2 can be either +1 or −1, ͑A 2 −1͒͑B 2 −1͒ − 4 will be −4 or 0. These two values are no larger than 0. If C 2 = −1, from inequality ͑9͒ we have −͑A 2 +1͒͑B 2 +1͒ Յ 0. −͑A 2 +1͒͑B 2 +1͒ will be −4 or 0, and these values are no larger than 0. ͑ii͒ For the case that A 1 = B 1 = 1 and C 1 = −1, inequality ͑8͒ becomes
If C 2 = 1, we have A 2 + B 2 −2Յ 0 from inequality ͑9͒. Because A 2 and B 2 can be either plus one or minus one, A 2 + B 2 −2 will be 0, −2 or −4. These three values are no larger than 0. If C 2 = −1, from inequality ͑9͒ we have −͑A 2 −1͒͑B 2 −1͒ Յ 0. −͑A 2 −1͒͑B 2 −1͒ will be −4 or 0, and these values are no larger than 0. Similar conclusions can be drawn for the cases A 1 = C 1 =1, B 1 = −1 and B 1 = C 1 =1, A 1 = −1 because inequality ͑8͒ is symmetric under the permutations of A, B, and C.
͑iii͒ For the case that A 1 = B 1 = −1 and C 1 = 1, inequality ͑8͒ becomes
If C 2 = 1, we have ͑A 2 +1͒͑B 2 +1͒ −4Յ 0 from inequality ͑11͒. Because A 2 and B 2 can be either +1 or −1, ͑A 2 +1͒͑B 2 +1͒ − 4 will be −4 or 0. The two values are no larger than 0. If C 1 = −1, from inequality ͑11͒ we have −͑A 2 −3͒͑B 2 −3͒ +4Յ 0. −͑A 2 −3͒͑B 2 −3͒ + 4 will be −12, −4, or 0, and these values are no larger than 0. Similar conclusions can be drawn for the cases A 1 = C 1 = −1, B 1 = 1 and B 1 = C 1 = −1, A 1 = 1 because inequality ͑8͒ is symmetric under the permutations of A, B, and C.
͑iv͒ For the case that A 1 , B 1 , and C 1 are all −1, inequality ͑8͒ becomes
If C 2 = 1, we have 0 Յ 0, which is obviously satisfied. If C 1 = −1, from inequality ͑12͒ we have −2͑A 2 −1͒͑B 2 −1͒ Յ 0, which is satisfied because A 2 and B 2 can be either +1 or −1. −2͑A 2 −1͒͑B 2 −1͒ will be −8 or 0. Thus, inequality ͑8͒ is always satisfied under a local realistic description regardless of the values A i , B j , and C k . Moreover, setting C 1 = C 2 = 1, inequality ͑8͒ reduces directly to the CHSH inequality for two qubits:
Note that the above inequality is an equivalent form of the CHSH inequality for two qubits.
III. QUANTUM VIOLATION OF THE BELL INEQUALITY FOR THREE QUBITS
Quantum mechanically, the above inequality is violated by all pure entangled states of three qubits. To test the quantum violation of any Bell inequalities, observables and quantum states are first specified. We consider the Bell-type experiment in which three spatially separated observers Alice, Bob, and Charlie each measure two noncommuting observables A i = n a i · ជ ͑i =1,2͒ for Alice, B j = n b j · ជ ͑j =1,2͒ for Bob, and C k = n c k · ជ ͑k =1,2͒ for Charlie on a quantumentangled state ͉͘ of three qubits. For each set of observables A i , B j , and C k ,
where i , j , k =1,2, the following correlation functions result:
Pure states of three qubits constitute a five-parameter family, with equivalence up to local unitary transformations. This family has the representation ͓13͔ ͑15͒ = 0000 + 1ei100 + 2101
+ 3110 + 4111,with i Ն 0, ͚ i i = 1, and 0 Յ Յ . Numerical results show that this Bell inequality ͑8͒ is violated by all pure entangled states of three-qubit systems. However, no analytical proof of the conclusion has been found. In the following, some special cases will be given to support the view that inequality ͑8͒ is violated by all pure entangled states. The first set of quantum states considered are generalized GHZ states ͉͘ GHZ = cos ͉000͘ + sin ͉111͘. Inequality ͑8͒ is violated by the generalized GHZ states for the whole region except =0, / 2. The variation of the violation with is shown in Fig. 1 . For the GHZ state with = / 4, the quantum violation reaches its maximum value 1.4907. Another set of states considered are generalized W states ͉͘ W = sin ␤ cos ͉100͘ + sin ␤ sin ͉010͘ + cos ␤͉001͘. By fixing the value of ␤, quantum violation of inequality ͑8͒ varies with ͑see Fig. 2͒ . Inequality ͑8͒ is violated by generalized W states except for cases with ␤ = 2 , = 0, and = 2 . The states in these cases are product states which do not violate any Bell inequality.
As inequality ͑8͒ is violated by any pure entangled state of three qubits, it is a generalization of the theorem of Gisin ͓14͔ to three-qubit systems. One of the interests of the inequality for three qubits is that it is highly resistant to noise. Inequality ͑8͒ is violated by the GHZ state; the threshold visibility is V thr GHZ = 0.6708. Comparing the results of the inequalities given in Refs. ͓10,11͔ ͑in which V GHZ BI͑3͒ =4 ͱ 3 / 9 = 0.7698 and V GHZ BI͑4͒ = 0.6813͒, inequality ͑8͒ is indeed more resistant to noise. We plot the variation of quantum violation for the generalized GHZ states versus angle for inequalities ͑3͒, ͑4͒, and ͑8͒, respectively, in Fig. 3 . In the figure, the violation degrees of the three inequalities can be compared directly. Clearly, the Bell inequality ͑8͒ has the strongest violation strength for the GHZ state among the three inequalities, indicating that the three-qubit inequality ͑8͒ is really more noise tolerant than the inequalities presented in Refs. ͓10,11͔ for the GHZ state.
There are two kinds of entanglement for three-qubit, GHZ, and W states ͓15͔. Quantum violation of inequality ͑8͒ for the W state approaches 1.446 26 and the threshold visibility is V thr W = 0.6914. For the three-qubit W state, the threshold visibilities of inequalities ͑3͒ and ͑4͒ are, respectively, V W BI͑3͒ = 0.7312 and V W BI͑4͒ = 0.6607. It is clear that both inequalities ͑8͒ and ͑4͒ are better than inequality ͑3͒ for the GHZ state as well as the W state. For the GHZ state, the violation strength of inequality ͑8͒ is stronger than that of inequality ͑4͒. For the W state, the violation strength of inequality ͑4͒ is stronger than that of inequality ͑8͒. That is to say, based on the critical visibility criterion, for the GHZ state, inequality ͑8͒ is better for entanglement detection than inequality ͑4͒, while for the W state, inequality ͑4͒ is better for entanglement detection than inequality ͑8͒. It is worth mentioning that there are Q͑X i ͒ terms in inequalities ͑4͒ and ͑8͒, but not in inequality ͑3͒. The existence of Q͑X i ͒ gives an interesting result: the violation degrees of the two inequalities ͑4͒ and ͑8͒ are stronger than that of inequality ͑3͒. Our results show that the existence of Q͑X i ͒'s may significantly contribute to the improvement of the noise tolerance of a Bell inequality. Look at the results of inequalities ͑4͒ and ͑8͒, it is obvious that different combinations of correlation functions can result in an improvement of the noise resistance.
Although inequality ͑8͒ is more resistant to noise than the ones given in ͓10,11͔, the visibility of the GHZ state is still not optimal. The visibility of the three-qubit MABK inequality or the three-qubit WWZB inequality for the GHZ state is 0.5. The improvement brought out by this paper is that our Bell inequality involving correlation functions is more resistant to noise than previous ones in the literature considered the GHZ state. It is worthy of note that in Ref. ͓16͔, a threequbit Bell inequality based on more than two local settings has been presented. The Bell inequality is violated by the generalized GHZ state for the whole range of . The visibility of the Bell inequality for the GHZ state is also 0.5. However, based on two local settings, we do not know if there is an inequality which is not only maximally violated by the GHZ state, but also satisfies Gisin's theorem. We leave the latter construction of such a Bell inequality for three qubits as an open problem.
IV. CONCLUSION
In conclusion, we have presented a Bell inequality involving correlation functions for three qubits. The inequality is violated by all pure entangled states of three qubits. The visibility of the GHZ state for the inequality is V thr GHZ = 0.6708, which is less than that for the inequalities given by us in Refs. ͓10,11͔. Thus inequality ͑8͒ is more resistant to noise than the inequalities given before in ͓10,11͔. As inequality ͑8͒ is violated by any pure entangled state of three qubits, it can also be regarded as a generalization of Gisin's theorem to three qubits. 
